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1. Introduction 
 Expansions of the solutions of the confluent Heun equation [1-3] in terms of 
mathematical functions other than powers have been discussed by many authors (see, e.g., [3-
11]). The Gauss hypergeometric functions [3-5], Kummer and Tricomi confluent 
hypergeometric functions [6-8], Coulomb wave functions [8,9], Bessel and Hankel functions 
[10], incomplete Beta functions [11], and other standard special functions have been applied 
as expansion functions. Using the properties of the derivatives of the solutions of the Heun 
equation [12-16], it is possible to construct expansions in terms of higher transcendental 
functions, e.g., the Goursat generalized hypergeometric functions [16] and the Appell 
generalized hypergeometric functions of two variables of the first kind [17]. Here we discuss 
several expansions in terms of the Kummer confluent hypergeometric functions (confluent 
hypergeometric functions of the first kind) starting from the differential equation and the 
recurrence relations the latter functions obey for chosen forms of the dependence on the 
summation variable. In general, the coefficients of the expansions obey three-term recurrence 
relations; however, for one of the discussed forms of involved confluent hypergeometric 
functions a four-term recurrence relation is also possible. Besides, for a specific choice of the 
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involved parameters a different two-term recurrence relation is obtained. As a result, the 
expansion coefficients in this case are explicitly calculated in terms of the Gamma functions. 
Since the forms of used Kummer confluent hypergeometric functions differ from those 
applied in previous discussions the conditions for termination of the presented expansions 
refer to different choices of the involved parameters. 
 The confluent Heun equation is a second order linear differential equation having 
regular singularities at 0z  and 1, and an irregular singularity of rank 1 at z . We adopt 
here the following form of this equation [1]: 
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which slightly differs from that adopted in [3] since the parameters   and   are here 
assumed to be independent. This is a useful convention for practical applications since in this 
form the equation includes the Whittaker-Ince limit [18] of the confluent Heun equation as a 
particular case achieved by the simple choice 0 . Note, however, that the expansions 
presented below do not apply to this limit. The corresponding confluent hypergeometric 
expansions in terms of the Kummer and Tricomi functions for this case are discussed in [19]. 
 We search for expansions of the solutions of Eq. (1) in the form 
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where );;( 011 zsF nn   is the Kummer confluent hypergeometric function (confluent 
hypergeometric function of the first kind). Functions nu  obey the confluent hypergeometric 
differential equation 
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Substitution of Eqs. (2) and (3) into Eq. (1) gives 
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 To proceed further, we need recurrence relations between the involved confluent 
hypergeometric functions. We discuss here three different sets of such relations applying to 
the Kummer confluent hypergeometric functions of the form );;( 00011 zsnnF   , 
);;( 00011 zsnF    and );;( 00011 zsnF  , respectively. Consider these cases separately. 
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2. Expansions 
 2.1. nn  0 , nn  0 , where n  is an integer: );;( 00011 zsnnFun   . 
 The starting recurrence relation is simply the differentiation rule for the Kummer 
confluent hypergeometric functions: 
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A further observation here is that in this case nuz 2 , nuz   and nuz  are not expressed as a 
linear combination of functions nu . If we then demand the coefficients of these terms to be 
equal to zero, we get that should be 0s  and, furthermore,  /n ,  n  for 
any n , that is the parameters n , n  should not depend on n . Thus, this contradiction leads 
to the conclusion that in this way no expansion can be constructed. 
 However, there is another possibility. Indeed, put 0s  (thereby canceling the term 
proportional to 2z ) and further demand 
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where A  is a constant and ),( znf  is a liner function of n . It is then easily shown that this is 
possible only if /1A  and 
   /1 00  , (8) 
   q . (9) 
Eq. (5) is then written as: 
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This gives a simple two-term recurrence relation for the coefficients of the expansion (2): 
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whence  
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where n)( 0  is the Pochhammer symbol:  nn 0000 ...)(  . In general, the 
derived recurrence relation defines a double-sided infinite series. The series is applicable if 
0  and 0  is not zero or a negative integer. It is right-hand side terminated if 00   or 
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N0  for some positive integer N . Choosing 00   and changing nn   we arrive at 
the following expansion for   q : 
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 However, the above development can be essentially extended to avoid the additional 
restriction (9) imposed on the parameters of the confluent Heun equation (1). This is achieved 
by noting that the following recurrence relation holds 
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Indeed, again put 0s  and demand [compare with Eq. (7)] 
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Eq. (5) is then rewritten as 
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so that by virtue of above recurrence relations we have 
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Accordingly, the recurrence relation for the coefficients of the expansion (2) now becomes 
three-term: 
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For left-hand side termination of the series at 0n  should be 00 R . This is the case if 
   0   (  /0  ) (23) 
( 10   is forbidden because of division by zero: 11 /1~ P , 01  ). Thus, finally, the 
expansion is explicitly written as 
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and the coefficients of the recurrence relation (19) are explicitly given as 
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Obviously, this expansion is applicable if 0  and    is not a negative integer. A 
concluding remark is that the second independent solution of Eq. (1) can be constructed in a 
similar way after applying the transformation zz 1 , which preserves the form of the 
confluent Heun equation. 
 The series (24) is terminated if 01 Na  and 02 Na  for some non-negative integer 
N . The first condition is fulfilled if 011   NNNN aPaQ , while for a non-zero Na  the 
second condition results in the equation 0NP , i.e., 
  N /   or  N . (26) 
The equation 01 Na  (or, equivalently, 011   NNNN aPaQ ) then presents a polynomial 
equation of the degree 1N  for the accessory parameter q , defining, in general, 1N  
values of q  for which the termination of the series occurs. Note, finally, that in the case 
N /  the resulting solution (24) is a polynomial in z . 
 
 2.2. nn  0 , const0   n , where n  is an integer: );;( 00011 zsnFun   .  
 In this case we have the following recurrence relations 
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Combining these equations we also have 
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 Eq. (5) is rewritten as follows 
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Since nu  is not expressed as a linear combination of functions nu , we  demand 00   . 
Now, substituting Eqs. (27), (28) and (29) into Eq. (30) we obtain a four-term recurrence 
relation for coefficients na : 
  0332211   nnnnnnnn aSaPaQaR , (31) 
where       nnnR , (32) 
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Note that here 0s  is a free parameter that can be chosen as convenient. 
 If we put 0s  (thereby removing the 2z -dependence in the coefficient of nu  in 
Eq. (30)) then the four-term recurrence relation becomes 3-term: 
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The initial conditions for left-hand side termination of the derived series at 0n  are 
012   aa . It then follows that should be 00 R . This is the case only if  /0   or 
 0 . Then, the final expansion is explicitly written as 
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and the coefficients of the recurrence relation (36) take the form 
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This expansion is applicable if 0  and   is not a negative integer. 
 The series is right-hand side terminated at some Nn   if 0Na  and 
021   NN aa . Then, should be 0NP . If  /0  , this condition is satisfied if 
  N /   or  N . (44) 
If  0 , the only possibility, since   should not be a negative integer, is 
  N  / . (45) 
Again, for each of these cases there exist 1N  values of q  for which the termination occurs. 
These values are determined from the equation 01 Na  (or, equivalently, 
011   NNNN aPaQ ). 
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 2.3. 0 n , nn  0 , where n  is an integer: );;( 00011 zsnFun   . 
 In this case the following recurrence relations are known: 
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Since in this case nuz 2 , and nuz  are not expressed as a linear combination of functions nu  
we demand the coefficients of these terms in Eq. (5) to be equal to zero. It is seen that should 
be 0s  and  /0  . So that Eq. (5) is rewritten as 
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Substituting Eqs. (46) and (47) into Eq. (48) we get the following recurrence relation 
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the case only if  0  ( 10   is forbidden because of division by zero: 11 /1~ P , 
01  ). Thus, the expansion is finally written as 
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and the coefficients of the recurrence relation (49) are explicitly given as 
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This expansion is applicable if 0 , 0  and    is not a negative integer. If the series 
is right-side terminated for some non-negative integer N  then 0NP . This is the case if 
  N  /    or   N . (57) 
The termination occurs for 1N  values of the accessory parameter q  defined from the 
equation 01 Na . 
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3. Discussion 
 Thus, using different recurrence relations obeyed by the Kummer confluent 
hypergeometric functions, we have constructed several confluent hypergeometric expansions 
of the solutions of the confluent Heun equation. The forms of the dependence of the used 
confluent hypergeometric functions on the summation variable differ from that applied in 
previous discussions. An example of application of the presented expansions to physical 
problems is the recent derivation of finite-sum closed-form solutions of the quantum two-
state problem for an atom excited by a time-dependent laser field of Lorentzian shape and 
variable detuning providing double crossings of the frequency resonance [20].  
 A major set of physical problems where the presented expansions can be applied is 
encountered in quantum physics (see, e.g., [2-3] and references therein). For instance, in 
particle physics, there are many potentials for which the stationary Schrödinger equation is 
reduced to the confluent Heun equation (see, e.g., [21-22]). Similarly, in atomic, molecular 
and optical physics, there are many electromagnetic field configurations for which the time-
dependent Schrödinger equations for the probability amplitudes of a driven quantum few-
state system can be reduced to the confluent Heun equation [20,23-24]. Consider, for 
instance, the quantum two-state problem [25]: 
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where )(1,2 ta  are the probability amplitudes of the two involved states, )(tU  is the Rabi 
frequency of the applied laser field, and )(t  is the detuning modulation (the derivative 
)(/ 21 tdtd L   is the detuning of the transition frequency from the laser frequency). 
This system is equivalent to the following linear second-order ordinary differential equation: 
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where the over-dots denote differentiation with respect to time. 
 Many two-level models can be solved in terms of special functions via reduction of 
Eq. (59) to the corresponding standard equation (see, e.g., [25]). According to the class 
property of solvable models, each integrable model then generates a whole class of solvable 
field configurations [24,26]. By applying a transformation of the dependent and independent 
variables one finds fifteen such four-parametric classes solvable in terms of the confluent 
Heun functions [20]. These classes are given as 
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where 0U  and 2,1,0  are arbitrary complex constants which should be chosen so that the 
functions )(tU  and )(t  are real for the chosen complex-valued )(tz , and 2,1k  are integers or 
half-integers obeying the inequalities 01 212,1  kkk . The solution of the initial two-
state problem is explicitly written as 
  );,;,,()1( 2102 zqHzzea C
z   ,  (61) 
where CH  is the solution of the confluent Heun equation (1), the parameters of which as well 
as the auxiliary parameters 2,1,0 , are defined by the input parameters of the applied field. 
 The classes (60) extend all the previously known families of 3- and 2-parametric 
models solvable in terms of the hypergeometric functions to more general 4-parametric 
classes involving 3-parametric detuning modulation functions. Among the numerous new 
field configurations, several families suggest a rather convenient framework for theoretical 
considerations because here the parameters of the confluent Heun function are real. In several 
cases this allows one to derive closed form solutions using series expansions. An example of 
such a family is the above-mentioned generalized Lorentzian model, a family of laser pulses 
of Lorentzian shape with symmetric detuning functions describing both non-crossing and 
crossing processes with one or two level-crossing points: 
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The solution of the two-state problem for this model is given as 
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where 2/)1( tiz  , 4/)2( 11 R , and 4/2120  UR  is the effective Rabi 
frequency. It is readily seen that the above series (40)-(43) may terminate if NR  1  
(i.e. if the effective Rabi frequency is a natural number: ,...2,1R ) thus resulting in closed 
form exact solutions. The second termination condition then defines a relation between 0  
and 1  for which the termination actually occurs. Interestingly, the particular sets of the 
involved parameters for which these closed form solutions are obtained define curves in the 
3D space of the involved physical parameters belonging to the complete return spectrum of 
the two-state quantum system [20]. This is readily verified using a counterpart expansion of 
the confluent Heun function in terms of the Tricomi confluent hypergeometric functions [27]. 
 10
 
Acknowledgments 
 This research has been conducted within the scope of the International Associated 
Laboratory (CNRS-France & SCS-Armenia) IRMAS. The research has received funding 
from the European Union Seventh Framework Programme (FP7/2007-2013) under grant 
agreement No. 295025 – IPERA. The work has been supported by the Armenian State 
Committee of Science (SCS Grant No. 13RB-052). 
 
References 
1. F.W.J. Olver, D.W. Lozier, R.F. Boisvert, and C.W. Clark (eds.), NIST Handbook of 
Mathematical Functions (Cambridge University Press, New York, 2010). 
2. S.Yu. Slavyanov and W. Lay, Special functions (Oxford University Press, Oxford, 2000). 
3. A. Ronveaux, Heun’s Differential Equations (Oxford University Press, London, 1995). 
4. D. Schmidt, J. Reine Angew. Math. 309, 127 (1979). 
5. S. Mano, H. Suzuki and E. Takasugi, Prog. Theor. Phys. 95, 1079 (1996). 
6. Th. Kurth and D. Schmidt, SIAM J. Math. Anal. 17, 1086 (1986). 
7. L.J. El-Jaick and B.D.B. Figueiredo, J. Math. Phys. 49, 083508 (2008). 
8. E.W. Leaver, J. Math. Phys. 27, 1238 (1986). 
9. L.J. El-Jaick and B.D.B. Figueiredo, J. Phys. A 46, 085203 (2013). 
10. B.D.B. Figueiredo, J. Math. Phys. 48, 013503 (2007). 
11. A. Ishkhanyan, J. Phys. A 38, L491 (2005). 
12. A. Ishkhanyan and K.-A. Suominen, J. Phys. A 36, L81 (2003). 
13. P.P. Fiziev, J. Phys. A 43, 035203 (2010). 
14. A. Ishkhanyan, J. Phys. A 34, L591 (2001). 
15. M.N. Hounkonnou, A. Ronveaux, Appl. Math. Comput. 209, 421 (2009). 
16. V.A. Shahnazaryan, T.A. Ishkhanyan, T.A. Shahverdyan, and A.M. Ishkhanyan, 
Armenian J. Phys. 5(3), 146 (2012). 
17. A. Ishkhanyan, arXiv:1405.2871 [math-ph] (2014). 
18. E.L. Ince, Proc. London Math. Soc. 23, 56 (1925). 
19. B.D.B. Figueiredo, J. Math. Phys. 46, 113503 (2005). 
20. A.M. Ishkhanyan and A.E. Grigoryan, arXiv:1402.1326 [physics.atom-ph] (2014). 
21. A. Lamieux and A.K. Bose, Ann. Inst. Henri Poincaré A 10, 259 (1969). 
22. D. Batic, R. Williams, and M. Nowakowski, J. Phys. A 46, 245204 (2013). 
23. A.M. Ishkhanyan, J. Phys. A 30, 1203 (1997). 
24. A.M. Ishkhanyan, Optics Communications 176, 155 (2000). 
25. B.W. Shore, Manipulating Quantum Structures Using Laser Pulses (Cambridge 
University Press, New York, 2011). 
26. A.M. Ishkhanyan, J. Phys. A 33, 5539 (2000). 
27. L.J. El-Jaick, B.D.B. Figueiredo, arXiv:1311.7677 [math-ph] (2013). 
 
